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Abstract. In this study, the phase field method was used to numerically simulate single crystal and 
polycrystalline silicon under the action of forced convection. Following the construction of the phase 
field model, the effects of parameters such as the degree of undercooling and convection velocity 
on the growth morphology of monocrystalline and polycrystalline silicon were simulated. The crystal 
nuclei of different sizes and multi-grain growth conditions of different nucleation times were obtained. 
The results showed that the growth rate of the upstream tip was the fastest, followed by that of the 
horizontal direction, and the growth rate of the lower end was the slowest under forced convection. 
When the undercooling degree was small, anisotropy was not obvious, and grain growth was slow. 
When the undercooling degree was greater than 0.65, the interface became unstable, and side 
branches appeared in the direction of the horizontal dendrite arm, while growth was transformed 
from the non-small crystal plane to the small crystal plane. Under the action of forced convection, 
the larger the flow velocity, the faster the crystal growth, and the faster the growth speed in the 
upstream direction of the grain. During the early growth stage, the overall growth rate of the larger 
initial nuclei was slower than that of the smaller initial nuclei, and subsequently, the difference was 
not significant. As the grains continued to grow, the thermal diffusion layers of the adjacent grains 
were in contact with each other, resulting in competitive growth.  

Keywords: forced convection; Monocrystalline silicon; Polysilicon; nucleation. 

1. Introduction 

Research on the growth process of zoned silicon single crystal has been beneficial to obtain excellent 
semiconductor silicon materials. The crystallization process of zone-melted single crystal silicon is 
very complicated, with convection being an important factor. Sabanskis [1] used simulation software 
OpenFOAM to make a two-dimensional comparison of the atmosphere in the zone furnace, such as 
argon and helium gas, the gas flow under a vacuum, and the shape of the phase interface, and 
comprehensively compared the extra heat loss caused by the gas flow on the surface of the 
monocrystalline silicon rod. Han et al. [2] applied a fluid volume model to simulate the free surface 
shape of a three-dimensional model, which was consistent with the results obtained by previous 
researchers using a two-dimensional model. G. Ruatnieks et al. [3] numerically simulated the 
interface shape of the melting zone under metastable, semi-transient, and transient conditions. 
Michael et al. [4] found that the distribution of the electromagnetic field determined each interface 
and affected the flow of the fluid in the molten zone, where the flow of the fluid affected the 
distribution of the dopant concentration field in the molten zone. The presence of convection in the 
molten zone was an indisputable fact; however, the researchers did not study the effect of convection 
on the microstructure. Chen et al. [5] discussed the growth competition phenomenon, which agreed 
well with the experimental observations. Aoyama et al. [6] obtained a silicon dendrite morphology 
via large supercooling experiments. However, no simulations showing the key experimental features 
have been carried out so far. Granasy et al. [7,8] considered the phenomenon of nucleation, which 
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was successfully extended to model the solidification of highly anisotropic systems [9–11]. Kasajima 
et al. [11] applied a small solid/liquid interface limit to the phase field model to simulate the growth 
of small crystal face dendrites during the solidification of supercooled Si. The simulation results were 
similar to the Gibbs-Thomson relationship. Chen et al. [12] used the phase field method to simulate 
and calculate the evolution process of the dendrites on a facet of elemental silicon to obtain the 
influence law of the anisotropy coefficient on dendrite growth. Liu et al. [13] used a phase field model 
with high interfacial energy anisotropy to study the effect of interfacial energy anisotropy and 
undercooling on interfacial morphology during free growth of the silicon grains. Lin et al. [14] 
simulated the 3D phase field of directionally solidified silicon film growth. Several attempts have 
been made to simulate the dendritic growth of faceted materials [15–16]. Yuan et al. [17] simulated 
the evolution of interfacial morphology during polysilicon solidification by the phase-field method 
and analyzed the effects of initial nucleation conditions, disturbance intensity, and time step on 
interfacial morphology evolution. Du [18] found that the Boundary heat flux had a significant effect 
on the solidification behavior and microstructure formation, as it could directly affect the interfacial 
heat flux and cooling rate during phase transition. Chen [19] studied the growth of twin-related silicon 
dendrites using the novel phase-field model. The correctness of the model for an equilibrium twined 
crystal was examined first, before faceted dendrite growth was modeled. The simulated morphologies 
of 〈112〉 and 〈110〉 faceted dendrites were consistent with the experimental observations. 

Convection will affect the morphology of crystalline microstructures. Although researchers have 
studied microstructures, they have not studied the evolution law of silicon crystal microstructures 
under the action of convection. The convective effect during solidification has an important influence 
on the growth mechanism of solid-liquid interface, as it can not only change the temperature 
distribution and temperature gradient but can also affect the nucleation mechanism, the distribution 
of solutes, and the growth of crystals. It may be particularly beneficial to simulate the microstructure 
evolution, for better application in production practice. 

The theoretical analysis of nucleation time, number, distribution, and growth of crystal nuclei in the 
existing simulation must be further improved. As mentioned above, convection has been shown to 
play an important role in the crystal growth mechanism; therefore, further studies are needed to 
investigate the effect of convection on the microstructure evolution of silicon crystals. 

 In this study, using the proposed Tong[20] coupling flow field of the phase field model on the basis 
of correction, we considered the anisotropy of interfacial energy, using the fixed phase field model to 
simulate the crystal rotation generated when the forced convection across the cold silicon melted in 
the asymmetric growth behavior of the silicon crystal, and the simulation of crystal morphology was 
in good agreement with the theoretical analysis. 

2. Phase Field Model 

In the case of pure matter, a heat diffusion equation will also be incorporated along with the latent 
heat term: 
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where 𝐷் ൌ 𝐾்/𝑐௣ is the thermal diffusivity, L is the latent heat, and cp is the specific heat capacity. 
Upon introducing the dimensionless temperature 𝑢 ൌ ሺ𝑇 െ 𝑇௠ሻ/ሺ𝐿/𝐶௣ሻ, (1) will take the following form: 
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We considered the anisotropic phase field governing equation: 
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where 𝜙 represents the phase field parameter, 𝜙 = 1 represents the bulk solid phase, and 𝜙 = −1 
represents the bulk liquid phase. The phase field varied smoothly between these two values within 
the diffusion interface region, where 𝜆 ൌ 6.359 [12]. 

Wulff studied equilibrium crystal shapes [12] at various anisotropy values. When 𝛾 < 1/15, the 
crystal shape was smooth and continuous, and when 𝛾 > 1/15, there were discontinuous and concave 
features similar to ears. These so-called ears increased with increasing anisotropy value. To simulate 
dendritic growth with strong anisotropy, these ears had to be removed. The interface energy within 
the missing orientations was normalized by Eggleston and Kim as follows: 
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where i = 0–3, and φ୫ is the corner angle of the equilibrium shape or the first missing orientation, 
which was calculated as follows: 

𝑊ሺ𝜑௠ሻ 𝑠𝑖𝑛𝜑௠ ൅ 𝑊ఝሺ𝜑௠ሻ 𝑐𝑜𝑠𝜑௠ ൌ 0                  (5) 
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The growth morphology of the crystals in the supercooled melts will not only be related to the crystal 
growth mechanism but will also have an important relationship with the solidification interface 
structure. The interfacial free energy will have an important influence on the interfacial structure. For 
weakly anisotropic crystals, the interfacial free energy in the diffusion interface region can be 
expressed as follows: 
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where k is the anisotropy modulus, usually taken as 4, 𝜀 is the anisotropy coefficient, 𝜃௜
ᇱ is the angle 

between the preferred growth direction of a certain grain, 𝑤଴ is the length range parameter, and and 
𝜏଴ is the time length range, and this paper takes 1: 
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where the subscript i represents a certain grain, 𝜙௬ and 𝜙௫ represent the partial derivatives of the 
phase field in the x- and y- directions, respectively, and 𝜃 = 𝑎𝑟𝑐𝑡𝑎𝑛 ሺ𝜑௬/𝜑௫ሻ represents the angle 
between the interface normal and crystal growth principal axis, following 

𝑓ሺ𝜂௜ሻ ൌ 𝑟௜𝜋/2ሺ𝑖 ൌ 1,2,⋅⋅⋅, 𝑛ሻ                        (15) 

where n represents the number of crystal grains, and 𝛾௜ is a random number between 0 and 1. 

The temperature field governing the equation of the coupled flow field is given by [20] 
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where μ is the dimensionless temperature, 𝑇௠ is the melting point temperature, L and 𝐶௣ are the 
latent heat and specific heat respectively, 𝑉 is the flow rate, and 𝐷 is the thermal diffusivity, which 
ሺ1 െ 𝜑ሻ could be used to control the velocity of the solid phase to be 0. 

The coupled phase field of mass conservation equation and momentum equation had the following 
form: 

𝛻 • ሾሺ1 െ 𝜑ሻ𝑉ሿ ൌ 0 ,                                (17) 
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where 𝜌 , p, and 𝜐  denote the density, pressure, and motion viscosity coefficient of the fluid 
respectively, 𝑀ଵ

ௗ is the interface dissipative force per unit volume, which can be defined as𝑀ଵ
ௗ ൌ
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𝑉 , and ሺ𝜑 → 1ሻ to ensure that the flow rate is 0 in the solid phase, and that ሺ𝜑 → 0ሻ 

attenuates in the liquid phase, where h = 2.757. 

3. Determination and simulation calculations of the phase field parameters 

3.1 Initial and boundary conditions 

The coordinates of the crystal nuclei in the calculation grid were randomly given; thus, the crystal 
nuclei were randomly distributed in the simulation area. The number of crystal grains consisted of 
any number less than the maximum number of nuclei. The maximum number of nuclei could be 
calculated from the nucleation density, assuming that the variation of the nucleation density in the 
model satisfied a Gaussian distribution, and was given by 
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where 𝛥𝑇௠௔௫  is the maximum nucleation undercooling, 𝛥𝑇ఙ  is the standard deviation of the 
undercooling degree, and 𝑛௠௔௫  is the maximum nucleation density. 

𝑥ଶ ൅ 𝑦ଶ ൑ 𝑅ଶ, 𝜓 ൌ 1, 𝑢 ൌ 0, 𝑉௫ ൌ 0, 𝑝 ൌ 0             (20) 

𝑥ଶ ൅ 𝑦ଶ ൐ 𝑅ଶ, 𝜓 ൌ െ1, 𝑢 ൌ െ𝛥, 𝑉௫ ൌ 0, 𝑝 ൌ 0          (21) 

where x and y are the abscissa and ordinate, respectively, △ is the degree of undercooling, and p is 
the pressure. On the calculation boundary, the phase field, temperature field, and pressure used 
Neumann conditions. 
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3.2 Material physical parameters 

Monocrystalline and polycrystalline silicon microstructure evolution under convection was simulated 
by the phase field method. The physical properties of the substance are shown in Table 1. 

Table 1. Physical properties of silicon. 

Property Value 

Density ρ 2570 kg/m3 

Melting point Tm 1687 K 

Thermal conductivity λ 66.5 W/kꞏm 

Kinematic viscosity μ 8 × 10−4 Paꞏs 

Latent heat L 1.587 × 106 J/kg 

3.3 Numerical calculation method 

The space step 𝛥𝑥 ൌ 𝛥𝑦, 𝛥𝑥 ൏ 𝑤଴ and the time step should satisfy 

𝛥𝑡 ൌ 0.2 ൈ 𝑚𝑖𝑛ሼ 𝛥𝑡ଵ, 𝛥𝑡ଶሽ, 

where 𝛥𝑡ଵ ൌ ሺ𝛥𝑥ଶ ൅ 𝛥𝑦ଶሻ/2𝐷 ൌ 𝛥𝑥ଶ/𝐷 , and 𝛥𝑡ଶ ൌ 𝜏଴𝛥𝑥ଶ/𝑤଴
ଶ ; 𝛥𝑡ଵ  is obtained from the 

governing equation of the temperature field, 𝛥𝑡ଶ can be obtained from the governing equation of the 
phase field, and D is the thermal diffusivity. The phase field equations and the temperature field 
equations were solved simultaneously using explicit finite differences. 

By coupling the phase field equation, mass conservation equation, momentum equation, and 
temperature equation, the phase field model of the coupled flow field was established, and the multi-
grain, different preferred growth direction, and early and late nucleation competition growth were 
introduced into the model to make the model more closely resemble reality. 

4. Analysis of the simulation results 

4.1 Influence of undercooling degree 

The degree of undercooling will play a decisive role in crystal evolution, where the smaller the 
supercooling, the slower the crystal growth, and the longer the growth process. With a greater degree 
of supercooling, the faster the crystallization process, the faster the release of latent heat of 
crystallization, the more the increase in temperature in the liquid at the front of the solid-liquid 
interface, and the greater the negative temperature gradient in the liquid, which will be more 
conducive to crystal growth. To visually show the effect of undercooling on the growth morphology 
of single crystal silicon, the undercooling values were changed in turn to simulate, U = 1.5, γ = 0.06, 
λ = 6.359, and D = 4, and the results are shown in Figure 1. 

With a small supercooling degree, anisotropy was not obvious and the grain growth was very slow. 
Only the upstream side crystals were washed by the upstream supercooling solution, which led to an 
increase in the surrounding supercooling degree and rapid growth of dendrites. With a faster increase 
in the undercooling degree of the solid-liquid interface heat spread, interfacial anisotropy became 
more obvious, and the growth rate in the crystal axis direction gradually increased and exceeded the 
growth rate in the other directions. The upstream state of dendrite growth was still the fastest, the 
downstream was the slowest, and the morphology of dendrite growth was no longer a center of 
symmetry. However, the dendrite morphology was still smooth. When the supercooling degree 
increased above 0.65, the grain morphology was dendritic overall; however, the interface became 
unstable, and side branches appeared in the direction of the horizontal dendrite arms, which 
transformed from non-facet to facet growth. The reason was that when the supercooling degree was 
small, the temperature gradient at the interface was small, the growth rate was slow, the disturbance 
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at the interface could not be quickly amplified, and the surface tension had anti-disturbance 
characteristics, which could cause disturbance to disappear. With a large degree of supercooling, the 
growth rate was fast under a large temperature gradient, the disturbance at the interface was easily 
amplified, and the anti-disturbance ability of surface tension could not completely offset the effect of 
disturbance. Therefore, the interface was unstable and the interface morphology could easily be 
changed. 

 

Figure. 1 △t = 30000, with undercooling of (a)△ = −0.45; (b)△ = −0.55; (c)△ = −0.65; (d)△ 
= −0.75; (e)△ = −0.85 crystal phase field morphology 

 

Figure. 2 △t = 30000, with undercooling of (a) △ = −0.45; (b) △ = −0.55; (c) △ = −0.65; (d) 
△= −0.75; (e) △ = −0.85 crystal temperature field topography 

To analyze the causes of the above phenomena, the corresponding temperature field distribution was 
studied. Due to the influence of latent heat release during solidification, the temperature in the liquid 
phase was low and the temperature in the solid phase was higher. In pure diffusion theory, the smaller 
the degree of supercooling, the thicker the thermal diffusion layer, which could be observed by the 
temperature field of the downstream dendrite tip in Figure 2. Meanwhile, the upstream and horizontal 
directions were washed by the supercooled flowing solution, causing rapid heat diffusion, and the 
degree of supercooling increased, resulting in a thinner diffusion layer compared to pure diffusion 
theory, and crystal growth was also faster. As the degree of supercooling increased, the thermal 
diffusion layer became thinner, and the growth rate of the entire crystal increased. 

When the degree of supercooling was small, the heat diffusion layer around the crystal was thick, 
which was not conducive to the release of latent heat, hindering crystal growth, and the crystal volume 
was small. When the supercooling degree was large, the thermal diffusion layer was thin, which was 
conducive to the latent heat, and its release promoted crystal growth, where the crystals that formed 
were larger in size. To more directly illustrate the effect of undercooling on dendrite growth, the tip 
velocity of the crystals under different undercooling degrees was calculated. The results are shown in 
Figure 3, which indicated that with an increase in supercooling, the crystal tip velocity increased 
linearly, which was consistent with the above analysis results. 
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Figure. 3 Tip grid positions of the crystals at different degrees of supercooling. 

The phase field parameters U = 1.5, γ = 0.06, and △ = −0.55, as well as the curve of the growth rate 
of each crystal tip with time, under the action of convection are shown in Figure 4. During the initial 
stage of solidification, the supercooling degree of each tip was very large, and the growth rate was 
not different. With crystal growth, a large amount of heat was released during the solidification 
process, which caused supercooling at the front of the crystal tip to decrease rapidly. Each crystal tip 
reached a different steady-state of supercooling degree over time. When the released latent heat and 
the convective exchange heat reached a balance, the degree of supercooling no longer changed, and 
the dendrites grew at a constant rate. We found that the growth rate of the upstream tip was the fastest, 
followed by that of the horizontal tip, and the growth rate of the downstream tip was the slowest, 
where the crystal growth was asymmetrical, which was consistent with the theoretical analysis results. 

 

Figure. 4 Growth rate curves of each crystal tip with time under the action of convection 

4.2 Effect of convection velocity on crystal morphology 

Convection will play an important role in crystal growth, not only changing the crystal morphology 
but also greatly influencing the growth rate of each preferred crystal direction. To specifically analyze 
the effect of convection velocity on crystal growth, different convection velocities were considered 
in this study, i.e., U = 0.5, 1.0, 1.5, 2.0, and 2.5, with the same number of iterations of 𝑡 ൌ 30000𝛥𝑡. 
The number of grids for the calculation of the phase field and temperature field of the single crystal 
grain was 600 × 600, the other parameters were γ = 0.06, λ = 6.359, D = 4, △x = △y = 0.4, and △ = 
−0.45, and the crystal morphology is shown in Figure 5. The temperature field distribution is shown 
in Figure 6. 
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Figure. 5 t = 30000△t, with velocities of(a)U = 0.5; (b)U = 1.0; (c)U = 1.5; (d)U = 2.0; (e)U = 2.5 
crystal phase field morphology. 

 

Figure. 6 t = 30000△t, with velocities of(a)U = 0.5; (b)U = 1.0; (c)U = 1.5; (d)U = 2.0; (e)U = 2.5 
crystal temperature field topography. 

Figure 5 shows the phase field distributions of crystal growth under the five convective velocities. As 
shown in the figure, the crystal growth morphology exhibited an asymmetric morphology in which 
the upstream dendrite growth rate was fast, while the downstream and horizontal direction growth 
rates were slow. In addition, the larger the added fluid velocity, the larger the entire crystal volume. 
At the same time, in the four preferential growth directions of the crystal nucleus, the difference in 
the growth rates of the dendrites in the upstream, downstream, and horizontal directions was greater, 
while the upstream dendrites grew the fastest. The reason could be seen in the corresponding 
temperature field distribution shown in Figure 6. The degree of undercooling consisted of the driving 
force for the solidification process. Upstream of the fluid, the temperature diffusion layer at the 
dendrite tip was thinner, with a large temperature gradient. In the downstream dendrite tip, the 
diffusion layer was thicker and the temperature gradient was smaller. Due to the scouring of the 
upstream dendrites by the flow of the solution, the heat released during the solidification process was 
removed, and the thickness of the thermal diffusion layer at the upstream dendrite tip was reduced, 
resulting in an increase in the actual supercooling of the upstream dendrite tip and rapid crystal growth. 
Downstream, a large amount of latent heat was released by the dendrites during solidification, which 
diffuse too late, resulting in a thick diffusion layer at the tip, a small temperature gradient, low actual 
undercooling, and slow growth. With an increase in the added flow rate, the scouring of the crystal 
tip by the supercooled fluid increased, the heat diffusion accelerated, and the diffusion layer at the tip 
became thinner, which led to a rapid decrease in temperature at the crystal tip and faster growth of 
the crystal. 
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Figure. 7 Growth rate of the upstream tip at different convection  

To quantitatively analyze the effect of convective velocity on crystal tip growth, we studied the 
change of tip growth rate with time for the different applied velocities, as shown in Figure 7. When 
the flow velocity increased, the steady state velocity of crystal growth also increased. 

4.3 Microstructure evolution of the seed grains with different sizes and nucleation times 

Based on the pure material phase field model of a single-phase system, we re-optimized the governing 
equation of the phase field and established the equation of interfacial free energy anisotropy that could 
simulate the competitive growth of multiple grains. To more accurately simulate the evolution of 
crystal microstructure during the initial stage of polycrystalline silicon growth, the microstructure 
evolution of the six seed crystals with different sizes and nucleation times was simulated under 
convection, where the calculated grid numbers were 1500 × 1500, γ = 0.04, △ = −0.60, and U = 1.0. 
The phase field is shown in Figure 8, and the temperature field is shown in Figure 9. 

 

Figure. 8 Phase field images showing microstructure evolution of the polycrystals with different 
seed sizes and nucleation times: (a) t = 0∆t; (b) t = 3000∆t; (c) t = 6000∆t; (d) t = 9000∆t; (e) t = 

12000∆t. 

 

Figure. 9 Temperature field images showing polycrystal microstructure evolution with different 
seed sizes and nucleation times: (a) t = 0∆t; (b) t = 3000∆t; (c) t = 6000∆t; (d) t = 9000∆t; (e) t = 

12000∆t. 

As shown in Figure 8, the growth of each grain varied with nucleation time and the size of the nucleus 
under convection. The initial nucleation sizes were different, where A nucleation was the largest, C 
nucleation had just nucleated, and E nucleation had not yet nucleated. With prolonged simulation 
time, the E crystal nucleus gradually nucleated, and the other crystal nuclei grew in different preferred 
directions. Under the action of the flow field, the crystal showed asymmetric growth, the growth of 
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the upstream direction was the fastest, and the growth of the countercurrent direction was inhibited. 
Due to the larger radius of curvature, the asymmetric growth of A and D with larger initial nuclei was 
not obvious, and asymmetric growth was observed when t = 12000△t. The curvature radii of the 
initial nuclei B, C, E, and F were small, showing obvious asymmetric growth. With prolonged 
simulation time, the thermal diffusion layers of the adjacent grains made contact with each other, as 
shown in the temperature field images in Figure 9. The temperature gradient of grain growth 
decreased, which led to competitive growth among the grains, and the growth rate of the parts growing 
toward each other was slow. 

5. Conclusions 

In this work, we established a new phase field model for simulating the microstructure evolution of 
single crystal and polycrystalline silicon under the action of convection. The effect of phase field 
parameters on crystal growth was studied. The results showed that the crystal grew asymmetrically 
under convection. The tips grew fastest in the upstream direction, followed by those in the horizontal 
direction, and the bottom ends grew the slowest. The tip growth rate increased with an increase in the 
supercooling degree and increased with an increase in convective velocity. With different nucleation 
times and different nucleation sizes, each grain showed no influence on the others during the early 
growth stage, but the grains competed with each other in the late growth stage. 
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