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Abstract. We extend the reward and punishment mechanisms in the N-person evolutionary 
snowdrift game (NSG) model by constructing a tax-based pure punishment NSG model and a tax-
based pure reward NSG model. Using replicator dynamics, we established two sets of dynamic 
equations that describe the evolution of the frequencies of the three strategies. Over longer time 
scales, both systems exhibit stable states involving two strategies, with the exclusion of the third. 
Introducing tax factors into the reward and punishment mechanisms significantly increases the 
proportion of cooperators in the steady state and eliminates defectors, with the time to reach the 
steady state depending on the tax rate. Moreover, we found that tax-based pure reward strategies 
are more conducive to fostering cooperative behavior within the system compared to tax-based pure 
punishment strategies. We employed numerical algorithms to simulate the replicator dynamics, and 
the results of the dynamic equations were in perfect agreement with the numerical simulations.  

Keywords: Cooperation; Evolutionary game theory; NSG; reward; punishment. 

1. Introduction 

Cooperative behavior is highly valued in nature [1-12], but it is easily undermined by individuals who 

prioritize short-term gains. Without any supporting mechanisms, it is no surprise that cooperation 

would eventually collapse under the pressure of natural selection [13-19]. Over the past few decades, 

understanding how cooperation emerges and is sustained among selfish individuals has posed a 

significant challenge, attracting growing attention across diverse fields, including mathematics, 

biology, statistical physics, and behavioral science [20-35]. Most empirical research has focused on 

the public goods game (PGG), a classic multiplayer prisoner’s dilemma scenario [36, 37], 

demonstrating that reward and punishment are powerful tools in overcoming this challenge. The 

promise of reward or the threat of punishment can effectively induce cooperation among self-

interested individuals [38-45]. 

Inspired by the Public Goods Game (PGG), some scholars have proposed an N-person Snowdrift 

Game (NSG) [46], in which the payoffs cannot be decomposed into pairwise two-person games. In 

the NSG, a group of N players, temporarily selected from a larger population, participates in a round 

of the game. Each player can choose between two actions: cooperation or defection. Typically, the 

group must complete a task that requires a total cost or effort of c. When the task is completed, every 

group member receives a benefit r, where 0 < c < r. At least one cooperative player is needed to 

accomplish the task. The cost c is shared equally among all cooperators in the group, so the more 

cooperators there are, the lower the cost per cooperator. Upon task completion, defectors always 

receive a higher payoff than cooperators. However, if all members choose to defect, they all receive 

nothing. In an infinitely well-mixed population, cooperators and defectors coexist [46]when the ratio 

c/r < 1 under replicator dynamics. The NSG model has attracted considerable attention. Souza et al. 

[47] extended the NSG by introducing a minimum threshold of cooperators required to complete the 

task in the N-person group, revealing changes in the dynamic properties. An in-depth discussion of 

the NSG can be found in the review by van Veelen and Nowak [48]. 

Punishment is a common method for regulating behavior. In daily life, people are often willing to 

pay, for example through taxes, to establish infrastructure like law enforcement and prisons to punish 

offenders. In the Snowdrift Game (SG) model, various studies have demonstrated that different 
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punishment strategies can promote the emergence of cooperative behavior to varying degrees [49, 

50]. Xu introduced punishment strategies into the N-person Snowdrift Game (NSG), developing a 

three-strategy model involving cooperators, punishers, and defectors [51]. The results indicated 

coexistence between cooperators and punishers, though the proportion of cooperators within the 

group remained low. Li introduced a reward mechanism into the NSG, which resulted in a stable 

coexistence of cooperators and defectors [52], but the proportion of cooperators was still not 

significant. Currently, research on reward and punishment mechanisms in the NSG is limited. Given 

the recent advances and the importance of the NSG, there is an urgent need to identify reward and 

punishment mechanisms that can significantly increase the proportion of cooperators in the NSG. 

Recently, Wang [53] introduced a pure punishment (pure reward) strategy incorporating public 

taxation. In this approach, before the game begins, all participants contribute a tax to a public pool, 

which is then used to subsidize punishers (rewarders). During the game, punishers (rewarders) incur 

a cost to penalize defectors (reward cooperators). This tax-based pure punishment (pure reward) 

mechanism has been shown to significantly increase the proportion of cooperators in Public Goods 

Games (PGG). However, in Wang’s model, punishers (rewarders) operate independently from 

cooperators, serving exclusively in their punitive or rewarding roles, which is somewhat disconnected 

from real-world dynamics. In reality, dedicated institutions for punishment or reward are integral 

parts of society, contributing to its functioning by collecting taxes to penalize wrongdoers or reward 

virtuous behavior [54, 55]. 

Building on this, we introduce a novel tax-based pure punishment (pure reward) mechanism into the 

N-person Snowdrift Game (NSG) and develop a corresponding NSG model. The evolutionary 

dynamics within the mixed population are governed by replicator dynamics. After formulating the 

replicator dynamic equations, we conduct theoretical analysis and numerical simulations to explore 

the system's evolutionary trends. We illustrate the dynamic flows within the phase space to investigate 

fixed points and the sensitivity of the system to initial conditions. 

2. Model and method 

2.1. N-person snowdrift game 

In an infinitely large, well-mixed population, a random selection of N>1 individuals form a group to 

participate in a Snowdrift Game. During the game, each participant can choose either to get out of 

the car and shovel the snow (cooperate) or to stay in the car (defect). The total labor cost of removing 

the snow is c, and as long as someone chooses to cooperate and shovel, everyone benefits from 

reaching home, with a benefit of r. For each player, the benefit r of getting home outweighs the cost 

c of shoveling the snow alone. When there is more than one cooperator, the labor can be shared, 

reducing the individual cost of cooperation. However, rational individuals are more inclined to 

maximize their own benefits by free riding on the efforts of others, avoiding the cost altogether. If all 

participants adopt this strategy, the group's payoff is zero. Furthermore, previous studies [51] have 

indicated that as the group size N increases, the probability of having at least one cooperator in the 

group rises, which in turn encourages free-riding behavior among defectors, exacerbating the social 

dilemma of cooperation. 

2.2. Pure punishment mechanism with tax 

To overcome the cooperation dilemma described above, we introduce an incentive control strategy 

within the framework of the snowdrift game, specifically a common tax-based pure punishment 

strategy. In traditional pure punishment strategies [50], punishers are required to contribute to a 

punishment pool while engaging in cooperation, resulting in each defector receiving a fine 

proportional to the contributions (as detailed in the introduction). This often leads to a reduction in 

the proportion of punishers within an N-person group due to the increased additional costs, making it 

difficult to diminish the rewards obtained by defectors and thereby reduce their proportion. This paper 

further incorporates a tax factor into the game model to enhance the effectiveness of the punishment. 
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All players are mandated to pay a public tax, K, into a tax pool. The total tax amount, multiplied by 

a factor 
P  , is then equally distributed among all punishers within the game group. According to 

this model, the payoffs for cooperators (C), defectors (D), and punishers with public tax (P) in the N-

person snowdrift game can be expressed as: 
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where }),,{( PDCiNi  denotes the number of individuals using strategy i among the N−1 

individuals. 
PN represents the fine received by each defector from all the punishers in the group. 

Specifically, when 0=+ PC NN  is given, there is 0== r . Notably, when K=0, the common tax-

based pure punishment strategy is equivalent to the pure punishment strategy. For ease of discussion, 

P  is set to 1 in this paper. 

2.3. Pure reward mechanism with tax 

Next, we investigate another incentive control strategy, namely the common tax-based pure reward 

strategy. The traditional pure reward strategy model [52] requires rewarders to contribute an amount 

MR to the reward pool while participating in group cooperation, so that each cooperator receives a 

reward of this amount. However, this approach similarly results in a reduction in the proportion of 

rewarders in the N-person group due to the increased additional costs, leading to a significant decrease 

in the proportion of cooperators because they are unable to receive substantial additional rewards. To 

enhance the incentive intensity of pure rewarders, this paper further incorporates the public tax factor 

into the pure reward model. All players in the N-person group contribute a fixed tax amount K to the 

tax pool, which is then multiplied by a factor 
R  and equally distributed among all rewarders in the 

game group. In this case, the payoffs for cooperators (C), defectors (D), and rewarders (R) in the N-

person snowdrift game with common tax-based rewards can be expressed as: 
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where }),,{( PDCjN j   represents the number of individuals using strategy j among the N−1 

individuals. 
RN  denotes the reward received by each cooperator from all rewarders in the group. 

When 0=+ RC NN , there is 0== r . Notably, when K=0, the common tax-based pure reward 

strategy is equivalent to the pure reward strategy. For convenience, the value of 
R  is set to 1 in this 

paper. 
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3. Theoretical analysis 

3.1. Tax-based pure punishment NSG model 

The evolutionary dynamics between cooperators, defectors, and punishers with common tax are 

studied using replicator dynamic equations [56, 57]. Assume that in an N-person group, the 

proportions of cooperators (C), defectors (D), and punishers (P) are denoted by x, y and z, respectively, 

with ]1,0[,, zyx  and 1=++ zyx . Let 
PDC  、、  represent the expected payoffs of 

cooperators (C), defectors (D), and punishers (P), respectively. Thus, the expected payoffs can be 

expressed as follows: 
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N-1 individuals, the numbers of defectors and punishers are 
DN  and 1−−− DC NNN , respectively, 

given that the number of cooperators is 
CN  . 

Substituting Equation (1) into Equation (3), the expected payoffs for cooperators, defectors, and 

punishers can be obtained and are respectively expressed as follows: 
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The replicator dynamics equations for the N-person group game are given by the following expression: 
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where 
PDC zyx  ++  represents the average payoff of the entire N-person group. Since 

zyx −−=1 , substituting equation (4) into equation (5) yields: 
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Here, zN )1( −  represents the expected number of punishers among the other N−1 individuals in the 

N-person game group, )1( −N  represents the expected penalty for each defector, and Nz)1( −  

represents the probability that no punishers exist in the N-person game group. The existence and 

stability of equilibrium points in the nonlinear system defined by equation (5) are analyzed 

theoretically below. 

By substituting the variables in equation (5), set )(),( tyzy =  and )(),( tzzy = . Thus, finding 

the equilibrium points of the nonlinear system is equivalent to solving for the common roots of 

0),( =zy  and 0),( =zy . It can be easily computed that in the simplex 
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common roots of 0),( =zy  and 0),( =zy , and therefore, they represent equilibrium points of 

the nonlinear system. We proceed to solve for the equilibrium points within the interior and along the 

boundary of the simplex Q. 
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Inside the simplex ]}1,0[,,,1|),,{( =++= zyxzyxzyxQ , setting 
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otherwise, no equilibrium points exist within the interior of the simplex Q. 
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Based on the solutions for the equilibrium points, the nonlinear system defined by Equation (6) may 

have the following equilibrium points: the vertices )0,0,1(C , )0,1,0(D , and )1,0,0(P  of the 

simplex Q; equilibrium points along the boundaries PC and PD; and equilibrium points within the 

interior of the simplex Q We proceed with the stability analysis of these equilibrium points. The 

Jacobian matrix of the nonlinear system is given by Equation (8): 
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By substituting the equilibrium points )0,0,1(C  into Equations (8) and (9), we get: 
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since 
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By substituting the equilibrium points )0,1,0(D  into Equations (8) and (9), we get: 
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when 
PMKN  , the equilibrium point )0,1,0(D is stable; 

PMKN  , the equilibrium point 

)0,1,0(D  is unstable. 

By substituting the equilibrium points )1,0,0(P  into Equations (8) and (9), we get: 
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Substituting the interior equilibrium point ),,1( PPPP  −−  of the simplex Q into Equations (8) 

and (9) yields: 
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),,1( PPPP  −−  is unstable. 

3.2. Tax-based pure reward NSG model  

Assume that in an N-person group, the proportions of cooperators (C), defectors (D), and rewarders 

(R) are x, y and s, respectively, satisfying ]1,0[,, syx  and 1=++ syx . Let 
RDC  、、  denote 

the expected payoffs of cooperators, defectors, and rewarders, respectively. Thus, the expected 

payoffs can be expressed as: 
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where },,{ RDCi . 
1

11
−−−








 −−







 −
DCDC NNNNN

D

C

C

syx
N

NN

N

N
 represents the probability that, among 

N−1 individuals, the numbers of defectors and rewarders are 
DN  and 1−−− DC NNN , 

respectively, given that the number of cooperators is 
CN . 

Substituting Equation (2) into Equation (17), the expected payoffs for cooperators, defectors, and 

rewarders can be obtained and are expressed as follows: 
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                    (18) 

 

The replicator dynamics equations for the N-person group game are given by: 
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                                    (19) 

 

where  =
RDC syx  ++  represents the average payoff of the entire N-person group. Since 

syx −−=1 , substituting Equation (18) into Equation (19) yields: 
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         (20) 

 

let sN )1( −  denote the expected number of rewarders among the other N−1 individuals in the N-

person game group, )1( −N  represent the expected payoff of each cooperator, and Ns)1( −  be the 

probability that no rewarders are present in the N-person game group. We proceed with a theoretical 

analysis of the existence and stability of equilibrium points in the nonlinear system defined by 

Equation (20). 

Replacing the variables in Equation (20), let )(),( tysy =  and )(),( tssy = . Finding the 

equilibrium points of the linear system is then equivalent to solving the common roots of 0),( = sy  

and 0),( = sy . It can be easily calculated that in the simplex 

]}1,0[,,,1|),,{( =++= syxsyxsyxQ , the three vertices )0,0,1(C , )0,1,0(D  and )1,0,0(R  are 

common roots of 0),( = sy  and 0),( = sy , which means they are equilibrium points of the 
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nonlinear system. We proceed to solve for the equilibrium points within the interior and along the 

boundaries of the simplex Q . 

On the boundary CD, since 0=s  , it follows that 

N

crN
yyysy

)(
)1()(),(

−
−== 

 and 

0),( = sy ; furthermore, in this model, 0 rN  implies that 0),(  sy  always holds. 

Therefore, there are no equilibrium points on the boundary CD, and the direction of dynamic 

evolution is from C to D. 

On the boundary RC, with 0=y , it follows that 
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 and 0),( = sy . Thus, the 

equilibrium points on boundary RC are determined by the roots of 0)( = s . Setting 0)( = s  

gives 
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R 
. Therefore, if there exists )1,0(R
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R
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


, then ),0,1( RR −  is an equilibrium point; otherwise, 

no equilibrium points exist on boundary RC. 

On the boundary RD, with 0=x  and 1=+ sy , we have ),1(),( sssy −=   and 

),s-1(),( ssy  = . Setting both 0),1( =− ss  and 0),1( =− ss  yields 

s

sKK
M

N

R

)1( −−
=

. 

Therefore, if there exists a )1,0(R
 such that

R

N

R
R

KK
M



 )1( −−
=

, then ),1,0( RR −  is an 

equilibrium point; otherwise, no equilibrium points exist on the boundary RD. 

Inside the simplex ]}1,0[,,,1|),,{( =++= syxsyxsyxQ , set 
CD  =  to obtain 

)1(

)(

−

−
=

NN

crN
s



; 

then, setting 
CP  =  yields KNM R =

. If there exists on )1,0(, RR   that satisfies Equation 

(21): 
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                                  (21) 

 

then ),,1( RRRR  −−  is an equilibrium point; otherwise, there are no equilibrium points within 

the interior of the simplex Q . 

From the equilibrium point analysis above, the nonlinear system defined by Equation (20) may have 

the following equilibrium points: the three vertices )0,0,1(C , )0,1,0(D  and )1,0,0(R  of the simplex 

Q ; equilibrium points  on the boundaries RC and RD; and an interior equilibrium point  within 
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the simplex. We proceed to analyze the stability of these equilibrium points. The Jacobian matrix of 

the nonlinear system is given by Equation (22): 
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set 
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Substituting the equilibrium point )0,0,1(C  into Equations (22) and (23), we obtain: 
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given 
0

)(


−

N

crN , it follows that the equilibrium point )0,0,1(C  is unstable. 

By substituting the equilibrium point )0,1,0(D  into Equations (22) and (23), we get: 
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when 
RMKN  , the equilibrium point )0,1,0(D  is stable; when 

RMKN  , the equilibrium point 

)0,1,0(D  is unstable. 

Substituting the equilibrium point )1,0,0(P  into Equations (22) and (23), we obtain: 
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let 
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, when RM , the equilibrium point )1,0,0(P  is stable; 

when RM , the equilibrium point )1,0,0(P  is unstable. 

By substituting the equilibrium point ),1,0( RR −  into Equations (22) and (23), we get: 
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into Equations (22) and (23), we obtain: 
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equilibrium point ),0,1( RR −  is unstable. 

Substituting the interior equilibrium point ),,1( RRRR  −−  of the simplex into Equations (22) 

and (23) yields: 
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Expanding N

R )1( − in a Taylor series around 0=P
gives 
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Substituting this into Equation (27), we obtain: 
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According to the Central Limit Theorem [58], it can be concluded that the equilibrium point 

),,1( RRRR  −−  is not stable. 

4. Results 

In this section, we present numerical calculations to investigate the evolutionary dynamics of 

cooperators, defectors, and tax-based pure punishers (or rewarders). Additionally, we conduct a 

detailed comparative analysis of these dynamics. 

Figure 1 illustrates the evolutionary dynamics of the three strategies—cooperators, defectors, and 

punishers—within the simplex Q under different levels of public taxation. Specifically, when K=0, 

the system exhibits four equilibrium points: the unstable point P, the unstable point C, the unstable 

point Q1 on the boundary PD, and the stable point. The numerical results show that in the absence of 

the public tax factor (K=0), the system evolves towards a state dominated by defectors (point D), 

suppressing cooperation within the group.However, when the public tax factor is introduced (K=0.3), 

the system also presents four equilibrium points: the unstable point P, the unstable point C, the 

unstable point D and a stable point ),0,1(2 PPQ −  on the boundary PC. Here, )1,0(P
 is 

determined by the function 
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crN
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. The 

results indicate that introducing the public tax factor leads the system to evolve into a state where 

cooperators and punishers coexist, allowing cooperation to be maintained within the group.These 

numerical findings are consistent with the theoretical predictions, demonstrating that tax-based pure 

punishment strategies effectively promote and sustain cooperative behavior in the N-person snowdrift 

game. 
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Fig. 1: Evolutionary dynamics of cooperators, defectors, and punishers for different tax values K. 

The simplex Q represents the system's state space. Points C, D, and P correspond to the three 

homogeneous states where the entire group consists of cooperators, defectors, and punishers, 

respectively. In the left panel, there is an equilibrium point Q1 on the boundary PD, while in the 

right panel, there is an equilibrium point Q2 on the boundary PC. Arrows indicate the direction of 

system evolution, with hollow points representing unstable equilibria and solid points indicating 

stable equilibria. The left panel uses a tax value of K=0, and the right panel uses K=0.3. Parameter 

values: N=6. r=4. c=2. MP=0.8.  =0.8. 

Figure 2 shows the evolutionary dynamics of the three strategies—cooperators, defectors, and 

rewarders—within the simplex Q  under varying levels of public taxation. Specifically, when K=0, 

the system exhibits three equilibrium points: the unstable point R, the unstable point C, and the stable 

point D. The numerical results indicate that without the introduction of the public tax factor (K=0), 

the system evolves toward a state dominated by defectors (point D), suppressing cooperation within 

the group.In contrast, when the public tax factor is introduced (K=0.3), the system exhibits five 

equilibrium points: the unstable points R, C, and D; an unstable point 
3Q
 on the boundary RD; and 

a stable point ),0,1(4 RRQ −  on the boundary RC The point ),0,1(4 RRQ −  is determined by the 

function 
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crN
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. The 

results indicate that introducing public taxation into the strategy allows the system to evolve toward 

a state where cooperators and rewarders coexist, thereby maintaining group cooperation. 

Consequently, the numerical results align with the theoretical predictions, demonstrating that tax-

based pure reward strategies effectively promote and sustain cooperative behavior in the N-person 

snowdrift game. 
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Fig. 2: Evolutionary dynamics of cooperators, defectors, and rewarders for different tax values K. 

The simplex Q  represents the system’s state space. Points C, D, and R correspond to the three 

homogeneous states where the group consists entirely of cooperators, defectors, and rewarders, 

respectively. In the right panel, an equilibrium point Q3 is located on the boundary RD, and an 

equilibrium point Q4 is found on the boundary RC. Arrows indicate the direction of system 

evolution, with hollow points representing unstable equilibria and solid points indicating stable 

equilibria. The left panel sets the tax value at K=0, while the right panel sets it at K=0.3. Parameter 

values: N=6. r=4. c=2. MR=0.8.  =0.8. 

Comparing the tax-based pure punishment strategy with the tax-based pure reward strategy reveals 

that the latter results in a higher level of cooperation. As stated above, if 

)1(
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

NN

crN
P




 and 

)1(

)(

−

−


NN

crN
R


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, then both Q2 and Q4 are stable points. Theoretical analysis indicates that 
RP   . 

Additionally, a comparison of Figures 1 and 2 shows that Q4 is closer to point C than Q2, suggesting 

that the system achieves a higher level of cooperation. 

5. Conclusion 

We introduce public taxation into pure punishment and pure reward strategies, proposing two new 

NSG model: tax-based pure punishment NSG model and a tax-based pure reward NSG model. The 

findings indicate that pure punishment (pure reward) strategies are relatively sensitive to public 

taxation, and both tax-based pure punishment and tax-based pure reward strategies can drive the 

system toward a steady state where cooperators coexist with punishers (rewarders). This demonstrates 

that tax-based pure punishment and pure reward strategies are more effective in promoting 

cooperative behavior and offer an evolutionary advantage over traditional pure punishment (pure 

reward) strategies. 

Furthermore, when comparing the tax-based pure punishment strategy with the tax-based pure reward 

strategy, the results reveal that the tax-based pure reward strategy leads to a significantly higher 

proportion of cooperators than the tax-based pure punishment strategy. Thus, the tax-based pure 

reward strategy is more favorable for the emergence of cooperative behavior compared to the tax-

based pure punishment strategy. 

Existing literature [51] has shown that under punishment strategies, defectors persist in the system’s 

steady state as group size increases in NSG. This study further confirms this conclusion. However, 

our research reveals that when the public tax factor is introduced into the pure punishment strategy 

model, defectors are eliminated from the system’s steady state, and free-riders no longer exist, 

regardless of parameter values.Additionally, this study explores the tax-based pure reward strategy, 

which has received little attention in previous research. Through theoretical analysis and numerical 
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simulations, the results show that the tax-based pure reward strategy effectively promotes the 

evolution of cooperation within the group. 

Empirical studies on the snowdrift game have demonstrated that punishment strategies are a powerful 

tool for suppressing free riders within groups and are generally more effective than reward strategies 

[49]. Interestingly, our theoretical analysis and numerical simulations both indicate that when public 

taxation is introduced, the pure reward strategy is more effective at fostering cooperative behavior 

within the group than the pure punishment strategy. 
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