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ABSTRACT 

To investigate the influence of workpiece-tool position errors on the tooth surface during the grinding
of RV reducer cycloidal gears using a worm wheel, the study is based on meshing theory. Starting
from the tooth profile equation of the worm wheel's normal cross-section, the meshing equation for
grinding cycloidal gears with the worm wheel is derived. By introducing coordinate transformation
matrices that account for installation angle deviations of the worm wheel, eccentricity of the cycloidal
gear workpiece, and flatness deviations, the tooth surface equation of the cycloidal gear under error
conditions is calculated. The correctness of the theory and analysis is verified through VERICUT
grinding simulation. Through comparative analysis, the impact patterns of various errors on the tooth
surface are obtained, which can provide a theoretical basis for error compensation in the grinding of
cycloidal gears. 

KEYWORDS 

Worm Wheel; Cycloidal Gear; Error Analysis; Tooth Surface Deviation. 

1. INTRODUCTION 

Continuous generating grinding technology, characterized by its high precision and efficiency, has 
become a crucial technique in the field of precision gear machining, particularly well-suited for the 
machining of gears with continuous tooth profile curves, such as cycloidal gears in RV reducers. 
Litvin[1] et al. derived the general equation for the helical surface of worm gears and the meshing 
equation with the tooth surface of worm wheels based on differential geometry and spatial meshing 
theory. They studied the meshing characteristics of double-enveloping worm gears and achieved 
contact analysis of the two tooth surfaces through computer simulation. In the process research on 
worm grinding wheel grinding of helical gears, Wu Yanming[2] et al. proposed applying tangential 
differential cutting technology to gear grinding machines with non-differential structures, which not 
only improved the machining accuracy of the machine tool but also expanded its machining 
capabilities. Chen Qidi[3] et al. systematically summarized the research status and development 
trends of error compensation technologies in ultra-precision machining, emphasizing the significant 
impact of geometric errors, force-induced errors, and thermal-induced errors on ultra-precision 
machining, as well as the corresponding compensation methods. Li Shiping[4] et al. developed a 
general kinematic error decoupling model applicable to any multi-axis CNC machine tool. This model 
can describe the dynamic variation laws of machine tool errors and support real-time compensation 
of errors in the working area. Yang Jianguo[5] et al. used the homogeneous coordinate transformation 
method to establish a generalized model for volumetric errors in multi-axis machine tools and 
designed a general error compensation scheme for four types of machining centers, ultimately 



 

2 

achieving efficient compensation of machine tool errors through high-speed Ethernet. Zhang Wanli[6] 
simplified the model under the assumption of small errors based on multi-body system theory and the 
principle of standard homogeneous coordinate transformation, constructing a comprehensive 
mathematical model for the spatial geometric errors of CNC machine tools. Tao Xiaohui[7] et al. 
proposed a geometric error sensitivity analysis method combining screw theory and the Sobol method 
to identify key error terms affecting the spatial accuracy of worm grinding wheel gear grinding 
machines. Additionally, Zhang Minghui[8] designed a comprehensive radial and tangential 
compensation method based on the grinding principle of CNC cycloidal gear forming gear grinding 
machines. Pang Yuan[9] proposed a segmented modification design method for optimizing the tooth 
profile of cycloidal gears and conducted in-depth research on their continuous generating grinding 
process. Han Feilong[10] et al. established a mathematical model for worm grinding wheel gear 
grinding based on worm grinding wheel tooth profile reverse engineering technology. According to 
the dual-parameter meshing principle, they derived the tooth surface shape of the worm grinding 
wheel inversely from the modified tooth surface of the gear. Through projection transformation, the 
contact trace lines on the grinding wheel tooth surface were converted into axial section tooth profile 
curves, and the influence of variations in parameters such as the number of heads and radius of the 
worm grinding wheel on the grinding wheel profile, shaft intersection angle, and meshing trace lines 
was further discussed, systematically analyzing the influence laws of different parameters on 
generating gear grinding. 

During precision grinding processes, due to insufficient machining accuracy of machine tool 
components and cumulative assembly errors, coupled with mechanical deformations caused by 
cutting forces and cutting heat, positional deviations occur between the actual machining coordinate 
system of the machine tool and the theoretical model. These deviations accumulate through the 
transmission of the machine tool's kinematic chain and ultimately manifest as relative positional 
errors between the grinding wheel and the workpiece. Specifically, in the machining process of worm 
grinding wheel grinding of cycloidal gears, the main sources of positional errors include key 
parameters such as eccentric installation errors of the workpiece, end face flatness deviations, and 
installation angle errors of the tool axis system. 

Building upon previous research, this paper focuses on the worm grinding wheel grinding of cycloidal 
gears and analyzes the influence of positional errors between the workpiece and the tool on tooth 
surface accuracy during the worm grinding wheel grinding process of RV reducer cycloidal gears 
based on meshing principles. Firstly, a meshing mathematical model for the grinding of cycloidal 
gears is established according to the tooth profile equation of the normal section of the worm grinding 
wheel. An error tooth surface equation incorporating error factors is constructed through error 
coordinate transformation matrices. To verify the accuracy of the theoretical model, mainstream 
cutting simulation machining is employed for validation. Based on the computational results, the 
influence laws of different errors on tooth surface formation are systematically revealed, providing 
theoretical support for error compensation in subsequent precision grinding of cycloidal gears. 

2. CYCLOIDAL GEAR GENERATING MACHINING MODELING 

2.1. Worm Wheel Tooth Surface Equation and Coordinate System Establishment 

The shape of the grinding wheel can be derived from the tooth profile of the gear shaper cutter, that 
is, the tooth profile curve of the grinding wheel's normal section is obtained through helical motion. 
The equation [12] for the normal tooth profile is 

 𝑟௡ ൌ ሾ𝑥௡ 0 𝑧௡ 1ሿ (1) 

Specifically 

 



 

3 

𝑥௡ ൌ 𝑅௘௕ ൅ 𝑟௭cosሺ𝛾 ൅ 𝜑ሻ െ 𝑅௭cosሺ𝑐ଵሻ ൅ 𝐴cosሺ𝜑 െ 𝑢ሻ ൅ 𝑅ௗ௝
𝑧௡ ൌ 𝑅௘௕𝜑 ൅ 𝑟௭sinሺ𝛾 ൅ 𝜑ሻ െ 𝑅௭sinሺ𝑐ଵሻ ൅ 𝐴sinሺ𝜑 െ 𝑢ሻ

𝛾 ൌ arctanቌ
ቆ஺ୱ୧୬௨ିೃ೥

ೋ೥
ୱ୧୬ቀ ೠ

ೋ೥
ቁቇ

ೃ೥
ೋ೥
ୡ୭ୱቀ ೠ

ೋ೥
ቁି஺ୡ୭ୱ௨

ቍ

𝜑 ൌ గ

ଶ
െ 𝛾 െ arccosሺ𝑐ଶሻ

𝑐ଵ ൌ 𝜑 െ ௨

௓೥

𝑐ଶ ൌ
ቆோ೥ୱ୧୬ቀ

ೠ
ೋ೥
ାఊቁି஺ୱ୧୬ሺ௨ାఊሻቇ

ோ೐್

                  (2) 

In the formula, 𝑢  represents the equation parameter, 𝑅௭  denotes the radius of the pin gear 
distribution circle, 𝑍௭  signifies the number of pin gear teeth, 𝐴 stands for the eccentricity, 𝑅௘௕ 
indicates the radius of the cycloid gear tooth tip circle, 𝑟௭ represents the radius of the pin gear, and 
𝑅ௗ௝ represents the pitch circle radius of the grinding wheel. 
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In equation (3), 𝑟ଵ  represents the parameter expression of the grinding wheel equation. In the 
equation, 𝑇 denotes the lead, 𝑅௚௝signifies the pitch radius of the cycloidal gear, 𝑍௕ indicates the 
number of teeth of the cycloidal gear, and 𝜆 represents the helix angle of the grinding wheel. Based 
on the meshing principle, the tooth surface equation of the cycloidal gear can be derived through 
homogeneous coordinate transformation, and the meshing equation is as follows: 

 ൜
𝑓 ൌ 𝑣ଵଶ ⋅ 𝑛 ൌ 0
𝑟ଶ ൌ 𝑀ଶଵ ⋅ 𝑟ଵ

 (4) 

 

 

Figure 1. Schematic diagram of coordinate system for cycloid wheel grinding 

 

The relationship between 𝜙ଵ  and 𝑢  and 𝜃  can be obtained through formula (4). By gradually 
changing the value of 𝑢 at a certain step length, a series of points on the tooth profile of the cycloid 
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wheel's grinding wheel end face can be traversed, and the meshing points on the grinding wheel can 
be obtained. Through matrix transformation to the cycloid wheel, the meshing trajectory can be 
obtained. 

2.2. Establishment of Tooth Surface Error Model for Gear Grinding 

Due to positioning assembly or rough machining accuracy, the rotation axis of the workpiece is not 
in the theoretical position, resulting in a deviation, as shown in Figure 2. Let the eccentric offset of 
the workpiece be 𝛿ௗ, which is the distance between the origin of the theoretical coordinate system of 
the workpiece and the actual coordinate system. The angle between the line connecting the two 
origins and the y-axis is 𝛾. At this time, the pose error of the workpiece is as shown in the figure, 
which is equivalent to introducing a coordinate transformation matrix containing the offset 𝛿ௗ and 
the angle 𝛾. 

 

Figure 2. Schematic diagram of eccentricity of cycloid gear workpiece 

 𝐸ௗ ൌ ൦

1 0 0 𝛿ௗcos𝛾
0 1 0 𝛿ௗsin𝛾
0 0 1 0
0 0 0 1

൪ (5) 

When installing the cycloidal gear workpiece, inaccuracies in positioning or insufficient machining 
precision of the roughcast reference surface can lead to deflection errors on the horizontal plane, also 
known as flatness errors, as illustrated in Figure 3. 

 

Figure 3. Schematic diagram of planeness error of cycloidal gear workpiece 

 

𝐸௬ ൌ ൦

cos𝜀௬ 0 sin𝜀௬ 0
0 1 0 0

െsin𝜀௬ 0 cos𝜀௬ 0
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൪

𝐸௫ ൌ ൦

1 0 0 0
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0 0 0 1
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 (6) 
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Let the deflection angles in the x-axis and y-axis directions be denoted as 𝜀௫ and 𝜀௬, respectively. 
Similarly, two coordinate transformation matrices containing the deflection angles 𝜀௫  and 𝜀௬  are 
introduced to obtain the equation of the error tooth surface. 

The grinding wheel installation angle error refers to the deviation of the angle between the axis of the 
grinding wheel tool and the axis of the cycloidal wheel workpiece from the design angle. Let the 
deviation angle be 𝜀௔. The schematic diagram of the grinding wheel installation angle error is shown 
in Figure 4. 

 

Figure 4. Schematic diagram of worm wheel installation angle error 

When there is a tilt error in the grinding wheel, the corresponding coordinate transformation matrix 
is as follows: 

 𝐸௔ ൌ ൦

cos𝜀௔ 0 െsin𝜀௔ 0
0 1 0 0

sin𝜀௔ 0 cos𝜀௔ 0
0 0 0 1

൪ (7) 

The expression for the error tooth surface is 

 ቊ
𝑓 ൌ 𝑣ଵଶ ⋅ 𝑛 ൌ 0

𝑟ଶ
ሺ௘ሻ ൌ 𝑀ଶଵ

ሺ௘ሻ ⋅ 𝑟ଵ
 (8) 

in the formula 
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ሺ௘ሻ ൌ 𝑀଴௔𝐸௔

𝑀ଶ଴
ሺ௘ሻ ൌ 𝑀ଶ଴𝐸ௗ𝐸௫𝐸௬

                                   (9) 

Given the rotational angle 𝜙ଵ of the grinding wheel, the coordinates of the contact points on the gear 
tooth surface can be obtained both without error and under the influence of gear grinding error. 

When there is no error, the unit normal vector of the tooth surface contact point is represented as 

 𝑛ଶ
ሺ௜ሻሺ𝜙ଵሻ ൌ െ𝑀ଶଵሺ𝜙ଵሻ𝑛ଵሺ𝑢, 𝜃ሻ (10) 

The negative sign in the formula is to make the unit normal vector of the tooth surface contact point 
point outward from the gear body. The normal error 𝛿ଶ௡ሺ𝜙ଵሻ of the tooth surface corresponding to 
this tooth surface contact point as 

 

𝑟ଶ
ሺ௜ሻሺ𝜙ଵሻ ൌ 𝑀ଶଵሺ𝜙ଵሻ𝑟ଵሺ𝑢, 𝜃ሻ

𝑟ଶ
ሺ௘ሻሺ𝜙ଵሻ ൌ 𝑀ଶଵ

ሺ௘ሻሺ𝜙ଵሻ𝑟ଵ
ሺ௘ሻሺ𝑢, 𝜃ሻ

𝛿ଶ௡ሺ𝜙ଵሻ ൌ ቀ𝑟ଶ
ሺ௘ሻሺ𝜙ଵሻ െ 𝑟ଶ

ሺ௜ሻሺ𝜙ଵሻቁ ⋅ 𝑛ଶ
ሺ௜ሻሺ𝜙ଵሻ

 (11) 

The schematic diagram of normal error 𝛿ଶ௡ሺ𝜙ଵሻ is shown in Figure 5, and a calculation analysis is 
conducted in conjunction with a machining example. 
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Figure 5. Schematic diagram of normal error of tooth profile 

3. ERROR RESULT ANALYSIS 

Using MATLAB software, it is possible to simultaneously plot theoretical tooth profiles and actual 
tooth profile models. Subsequently, the normal error of the meshing point tooth surface of the 
cycloidal gear can be calculated, and the pattern of tooth profile errors of the cycloidal gear can be 
analyzed. The following results were obtained through MATLAB calculations. 

Analysis of tooth profile error caused by the installation angle offset 𝜀௔. When the offset 𝜀௔ of the 
grinding wheel deflecting around the y-axis is -0.01 or 0.01 rad, the error tooth profiles of the left and 
right tooth surfaces are shown in Figure 6. Changes in the installation angle will cause variations in 
the tooth thickness of the tooth surface, and both positive and negative deviations of the installation 
angle result in a decrease in the tooth thickness of the tooth surface. The changes in tooth thickness 
at the tooth tip and tooth root are minimal, while the decrease in tooth thickness is greatest near half 
the tooth height. Meanwhile, there is almost no error variation in the tooth width direction, with the 
maximum calculated error being -0.0002 mm and the minimum being -0.0081 mm. 

 

(a) 𝜀௔=-0.01rad left flank      (b) 𝜀௔=-0.01rad right flank 

 

(c) 𝜀௔=0.01rad left flank       (d) 𝜀௔=0.01rad right flank 

Figure 6. Tooth profile under installation angle offset 

 

Analysis of tooth profile error caused by the y-axis deflection of the workpiece, resulting in an offset 
𝜀௬. When the cycloid gear workpiece rotates around the y-axis with a deflection angle 𝜀௬ of -0.01 
and 0.01 rad, the error tooth profiles of the left and right tooth surfaces are shown in Figure 7. When 
𝜀௬ is less than 0, the tooth thickness of the tooth surface changes. Starting from the upper surface of 
the gear, the error value gradually decreases in the direction of the tooth width. The maximum error 
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value calculated is 0.036 mm, and the minimum value is -0.006 mm. When 𝜀௬ is greater than 0, the 
error value gradually increases in the direction of the tooth width. Both positive and negative 
deviations around the y-axis result in an increase in the tooth thickness of the tooth surface, with only 
a small portion of the tooth thickness decreasing. The error value changes consistently, but the trends 
are exactly opposite. Meanwhile, the error changes slightly in the circumferential direction. 

 

(a) 𝜀௬=-0.01rad left flank       (b) 𝜀௬=-0.01rad right flank 

 

(c) 𝜀௬=0.01rad left flank        (d) 𝜀௬=0.01rad right flank  

Figure 7. Tooth profile under the condition of workpiece offset around the y-axis 

Analysis of tooth profile error caused by axial deflection of the workpiece. When the cycloid gear 
workpiece rotates around the axis with a deflection angle 𝜀௫ of -0.01 and 0.01 rad, the error tooth 
profiles of the left and right tooth surfaces are shown in Figure 8. When 𝜀௫  is less than 0, the 
maximum error value is calculated to be 0.0312 mm, and the minimum error value is -0.0312 mm. 
The error variation trends of the left and right tooth surfaces are similar, starting from the upper 
surface of the gear, with the absolute value of the error gradually increasing in the tooth width 
direction, and the variation is greater near the half-height point of the tooth. When 𝜀௫ is greater than 
0, the maximum error value is calculated to be 0.0312 mm, and the minimum error value is -0.0312 
mm. The error variation trends of the left and right tooth surfaces are similar, starting from the upper 
surface of the gear, with the absolute value of the error gradually increasing in the tooth width 
direction, and the variation is greater near the half-height point of the tooth. Additionally, the error 
results brought by positive and negative deviations of 𝜀௫ are exactly opposite. 

Analysis of tooth profile error caused by workpiece eccentricity. When the eccentricity of the cycloid 
gear workpiece has an eccentric distance 𝛿ௗ=0.05mm and the eccentric angles 𝛾 are 0°, 30°, 60°, 
and 90°, the error tooth profiles of the left and right tooth surfaces are shown in Figure 9. Changes in 
the eccentric position will cause variations in the tooth thickness of the tooth surface. As the eccentric 
angle gradually increases from 0° to 90°, the impact on the tooth profile changes is concentrated at 
half the tooth height, transitioning from maximum to minimum, with the influence on tooth thickness 
increasing from small to large. Meanwhile, there is almost no error variation in the tooth width 
direction. At 0°, the maximum error value is 0.0371mm, and the minimum is -0.0371mm. By 
calculating equation (8) using MATLAB, the impact of other eccentric angles on the cycloid gear 
tooth surface can be obtained. Compared to the impact pattern of the tooth surface as the eccentric 
angle varies from 0° to 90°, the trend is the same when changing from 180° to 90°, but the tooth 
profile changes are opposite. When changing from 180° to -90°, both the trend and tooth profile 
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changes are opposite. When changing from 0° to -90°, the trend changes, but the tooth profile changes 
are consistent. 

 

(a) 𝜀௫=-0.01rad left flank       (b) 𝜀௫=-0.01rad right flank 

 

(c) 𝜀௫=0.01rad left flank       (d) 𝜀௫=0.01rad right flank  

Figure 8. Tooth profile under the condition of workpiece offset around the x-axis 

 

(a) 𝛾=0 left flank                 (b) 𝛾=0 right flank 

 

(c) 𝛾=30° left flank               (d) 𝛾=30° right flank 

 

(e) 𝛾=60° left flank               (f) 𝛾=60° right flank 

 

(g) 𝛾=90° left flank               (h) 𝛾=90° right flank 

Figure 9. Tooth profile under workpiece eccentricity 
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4. SIMULATION ANALYSIS OF CYCLOID GEAR GRINDING 

To verify the accuracy of the analysis on the impact of machining errors on tooth surfaces mentioned 
earlier, the VERICUT simulation machining software was used to simulate the grinding of cycloidal 
gears using a worm wheel grinding wheel. A simplified machining model was established based on 
the kinematic structure of the worm wheel gear grinding machine, as shown in Figure 10. During 
machining, the spindle and workpiece shaft maintain a certain center distance and speed ratio while 
rotating, and then the tool moves in the Z-axis direction to machine the tooth width of the cycloidal 
gear. 

During the simulation process, if no positional deviation is introduced, the theoretical tooth surface 
can be obtained. If positional deviation is set, the tooth surface with positional deviation can be 
obtained. At the same time, by utilizing the automatic comparison function in VERICUT, as long as 
the theoretical tooth surface is imported into the design, a comparison between the theoretical and 
error tooth surfaces can be obtained. For example, setting A to 3.573 in the machining program can 
result in an A-axis deflection angle of 0.01 rad, and at this time, the machining can produce the tooth 
surface under error conditions. 

 

Figure 10. Simulation result of grinding wheel installation angle error 

As shown in the figure, the automatic comparison results of the simulated machining are consistent 
with the analysis and comparison of the tooth surface variation pattern of the installation angle error 
mentioned earlier. The overcutting is concentrated at half the tooth height. The red part indicates 
overcutting, while the blue part indicates residuals. Additionally, the error value can be obtained by 
analyzing the tool to "measure the distance between the blank and the design". The average error 
value of a series of points measured at half the tooth height is -0.0079mm, which deviates by 2.47% 
from the error value calculated earlier. 

Using the same rotation and movement of the blank function, the error simulation results of workpiece 
eccentricity and deflection are as follows. The comparison diagrams of tooth surfaces are set with the 
blank deflected along the y-axis by 𝜀௫=0.01rad and 𝛿ௗ=0.05mm, respectively, and 𝛾=0. When 
𝜀௫=0.01rad, as shown in Figure 11, there is residual on the lower part of the left tooth surface, and 
overcutting on the lower part of the right tooth surface. The automatic comparison results of the 
simulated machining are consistent with the analysis and comparison of the tooth surface variation 
pattern for 𝜀௫ error mentioned earlier, with a maximum error of 0.0326mm, which deviates by 4.48% 
from the error value calculated earlier. When 𝛿ௗ=0.05mm and 𝛾=0, as shown in Figure 12, there is 
residual on the entire left tooth surface, and overcutting on the right tooth surface. The automatic 
comparison results of the simulated machining are consistent with the analysis and comparison of the 
tooth surface variation pattern for eccentricity error mentioned earlier, with a maximum error of 
0.0352mm, which deviates by 5.12% from the error value calculated earlier. 

 

Figure 11. Simulation result of workpiece flatness error 
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Figure 12. Simulation result of workpiece eccentricity error 

In summary, through simulation analysis of the previous examples, the correctness of the analysis 
and theoretical model has been verified. 

5. SUMMARY 

Based on the meshing principle, this article establishes a mathematical model that starts from the 
normal section profile of the worm wheel grinding wheel and proceeds to the error tooth surface of 
the cycloidal wheel. It analyzes the influence patterns of grinding wheel installation angle errors, as 
well as eccentricity and deflection errors of the cycloidal wheel workpiece, on the tooth surface. The 
correctness of the analysis results and theoretical model is verified through simulation machining 
using VERICUT, and the following conclusions are drawn. 

The four types of deviations studied have different forms and patterns of impact on the tooth surface. 
The installation angle deviation ε_a leads to a reduction in tooth thickness with no change in the tooth 
width direction. The deviation ε_y around the y-axis of the workpiece causes the tooth thickness to 
gradually increase or decrease in the tooth width direction. The deviation ε_x around the x-axis leads 
to a gradual increase or decrease in tooth thickness in the tooth width direction, with opposite error 
values on the left and right tooth surfaces. The variation in the tooth height direction is first increasing 
and then decreasing. The closer the eccentric position of the workpiece is to the y-axis, the greater 
the difference in variation between the left and right tooth surfaces. The closer it is to the x-axis, the 
more significant the simultaneous impact on the tooth thickness of both the left and right tooth 
surfaces. 

In actual machining, error factors do not occur individually but generally coexist. Based on the error 
detection results of the machined cycloid gear and the influence pattern of errors, the main influencing 
factors are identified. According to these factors, the corresponding numerical control program or the 
positions of the worm wheel and cycloid gear workpieces are adjusted to obtain a cycloid gear with 
higher precision. 
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