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ABSTRACT

Artificial Intelligence has gradually become an important force to drive human beings into the
intelligent era, and machine learning has made great contributions to the rise and development of
Artificial Intelligence. Stochastic approximation (SA) is a com-monly used optimization algorithm in
machine learning, and with the complexity of practical problem scenarios, two-timescale SA have
received extensive attention and research. In this paper, the basic idea and development process of
SA are introduced firstly, followed by the description of several algorithmic frameworks for linear and
nonlinear SA, and the specific applications of two-timescale SA in the fields of opti-mization and
reinforcement learning are also introduced. Finally, the two-timescale SA is summarized and
outlooked.
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1. INTRODUCTION

In the field of artificial intelligence, machine learning has become the method of choice for
developing software for speech recognition, computer vision, robot control, natural language
processing [1]. Optimization algorithms [2] are one of the core components of machine learning, and
the essence of most machine learning algorithms is to build an optimization model and learn the
parameters of the objective function from observed data samples. In the era of massive data, the
performance of optimization algorithms greatly affects the promotion and application of machine
learning models. Stochastic approximation (SA), originally proposed by Robbins and Monro[3], is
one of the most popular methods for solving a variety of optimization problems, where values of
objective functions are only observed randomly.

The field of stochastic approximation is growing rapidly, affecting application areas from signal
processing to artificial intelligence [4]. The problem of maximizing a function using SA was first
presented in [5]. The method of using ordinary differential equations to follow the trajectory of the
SA process was presented in [6, 7] and its convergence to the stability limit was proved. However, in
many coupled applications, single-timescale SA is often time-consuming or even impossible to
complete model training [8, 9]. In this case, it is crucial to design two-timescale SA algorithms with
respect to the coupled updates of the two parameters.

Therefore, the continuous research on two-timescale SA algorithms has important research
implications for machine learning optimization algorithms and even for the field of artificial
intelligence.
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2. CLASSICAL STOCHASTIC APPROXIMATION METHODS
2.1. Linear Singer-timescale Stochastic Approximation

The goal of linear singer-timescale SA is to find a solution #* for a linear system. To obtain &%, one
can iterate through the following recursion:

Oy = 0 — p(Api1 0 — b + G) (1)

where {(A4¢,b;) : t € N*} is a sequence of random variables and variables A € R*? and b € R?
are usually unknown. Here, ¢; is the sampling noise sequence and ¢ is the step size for the iterative
update of the algorithm.

The recursive formula (1) is referred to as linear singer-timescale SA in [10,11]. This class of
algorithms and their associated settings have a long history and a wide range of applications in the
field of signal processing [12]. It reignited interest in computational statistics and machine learning
especially in optimization algorithms, reinforcement learning (RL) and Q-learning [13-15]. Linear
singer-timescale SA has been intensively studied in several works to establish theoretical guarantees
for its asymptotic [16] and non-asymptotic [17] convergence analysis.

2.2. Nonlinear Singer-timescale Stochastic Approximation

The goal of the nonlinear singer-timescale SA is to find a solution or extreme value for the nonlinear
system £'(-) when £'(-) is unknown and the value of the () cannot be measured without error. In
other words, the algorithm needs to find a point #* of the unknown nonlinear function £'(#) such
that F'(6*) = 0. Thus, the point #* can be approximated by iteratively updating the variable ¢, as
follows:

Oryr =0 —  F(0,, ) (2)

Furthermore, the convergence analysis of the nonlinear singer-timescale SA algorithm under the
Markovian noise model was carried out in [18]. The parameter updating via stochastic gradient
descent and its variations is discussed in references [19, 20].

2.3. Linear Two-timescale Stochastic Approximation
Consider the problem of finding the solution (6%, w*) of the following linear system of equations:

Allg* + Algw* = bL

3

Aglg* + Aggw* = b2 ( )
Where the set of matrices A;; ,¢,7 = 1,2 is not available and can only be sampled from some
uncertain data. Therefore, it is infeasible to compute (3) directly. In addition, the researchers have
considered iterative methods for solving this problem. In particular, there is interest in using a linear
two time-scale SA with iteratively updated estimates (6", w') of (6*,w*)as follows:

Opp1 =06 — oy (Allgi + Apw, — b1 + Cz) ; ()
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Here, @ and 7: are two nonnegative step sizes, ¢; and % are sequences of sampling noise. Most of
the research on the asymptotic and non-asymptotic convergence of linear two-timescale SA
algorithms has been in optimization [21, 22] and reinforcement learning [23, 24].

2.4. Nonlinear Two-timescale Stochastic Approximation

The goal of nonlinear two-timescale SA is to find the solution of two coupled unknown nonlinear
function systems F'(-,-) and G(-,-). For two nonlinear functions F :R¢ x R?+— R? and
G R? x RY — RY, it find 0* and w* such that:

(5)

In fact, because F(-,-) and G(-,-) are unknown, the method can obtain corresponding values
F(8,w)+ ¢ and G(8,w) + ¢ for each of (¢, w), where ¢ and v are random variables generated by
a stochastic oracle. The parameter update step of the two-timescale SA is:

Or 1 = 0 — ap (F(0r,w1) + G)

‘ 6
Wipr = wr — Ve (G0, wy) +Uy) ©)

Where @ and 7: are two nonnegative step sizes such that7y: < ;. The asymptotic and non-
asymptotic convergence analysis method for nonlinear two-timescale SA algorithms is studied in [25-
27].

3. MOTIVATING APPLICATIONS

3.1. SGD with Polyak-Ruppert Averaging

It is assumed that a function / is to be minimized, but only a noisy estimate of the true gradient of
the parameter can be obtained. To find the true minimizer, the stochastic gradient method [28]
iteratively updates the parameter «:. To improve the convergence of stochastic gradient methods, an
additional averaging step [29, 30] is often used. The update steps of the algorithm are as follows:

wipr = wy — o (Vf (we) + 1),
‘ 1 (7)

1
Op1 = H—ltZDwL =91—|—H—1(w1—9t)

Obviously, two updates are a special case of the two-timescale SA in (7) with F(#,w) = V f(w) and
GO, w)=w—0.

3.2. SGD with Momentum

Stochastic heavy ball [31] is a variant of the stochastic gradient method based on momentum and
adaptive step sizes and has been shown to be effective. The iterative relationship for the normalized
version of stochastic heavy ball [32, 33] is:
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Wipr = wy — g (wy — Vf(0) =), (8)

Or1 = 0 — By
Here one should interpret w: as a (stochastic) search direction that is defined to be a combination of
the current stochastic gradient V f (6;) 4+ ¢+ and past search direction w:. These two updates are a
special case of the two-timescale SA in (7) with F (0, w) = w — Vf(#) and G(0,w) = 0.

3.3. Minimax Optimization

Consider the following minimax optimization problems[34], where f is a (non)convex function with
respect to ¢ when for a fixed w and (non) concave with respect to «w when for a fixed #. This
method iteratively updates the estimates ¢; and «: of the desired solution as:

Ory1 = O — Vo f(Or, wis &), )

W1 = Wy — BV f(Op, wi; ¥y))
where @: and /% are chosen differently to ensure the convergence of the method. The minimax
problem has broad applications in different areas including training generative adversarial networks
[35], adversarial and robust machine learning [36], and distributed optimization [37].

3.4. GTD Learning

In reinforcement learning, GTD learning [39] can be used to solve the policy evaluation problem
under the approximation of nonlinear functions, which can be regarded as a specific case of two-
timescale SA. The goal of policy evaluation is to estimate the cumulative reward obtained with the
policy 7. The iteration of the GTD algorithm is described as follows:

Oip1 =0+ oy ((¢t — ) (@th) - h*t) ;

. 10
Wyl = W + Y (5t - ¢5th) oh 10)

Where 6, =7 (Sf! at) + ’TVE)I (3t+1) - Vef (St) and h; = (5t - Qﬁjwt) vzv(at)(st)wt-

4. SUMMARY

Although the two-timescale SA algorithm has been applied in many fieldss, its application is still
broad. In future work, it can be further studied from the following two points: Most of the current
research on two-timescale SA algorithms is based on the ideal assumption that the objective function
is smooth, which is not the case in reality. If the objective function established about the model is
non-smooth, the problem will become more complicated, which will be very worthy of consideration
in future research. Secondly, it is also worth exploring how to extend the two-timescale SA algorithm
to distributed architectures with a wider range of applications.
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